Is it possible to give an abstract characterisation of constructive real numbers? This question may be for instance of interest if one wants to specify an abstract data type of real numbers for exact real computations. A condition should be that all axioms are valid for Dedekind reals in any topos, or for constructive reals in Bishop mathematics. We present here a possible first-order axiomatisation of real numbers, which becomes complete if one adds the law of excluded middle. As an application of the forcing relation defined in [3, 2], we give a proof that the formula which specifies the maximum function is not provable in this theory.
Introduction
Is it possible to give an abstract characterisation of constructive real numbers? This question may be for instance of interest if one wants to specify an abstract data type of real numbers for exact real computations. A condition should be that all axioms are valid for Dedekind reals in any topos, or for constructive reals in Bishop mathematics 1 . We present here a possible firstorder axiomatisation of real numbers, which becomes complete if one adds the law of excluded middle. As an application of the forcing relation defined in [3, 2] , we give a proof that the formula ∀x y.∃m.∀z.
which specifies the maximum function, is not provable in this theory.
A theory of reals
We consider the following theory, divided in four parts D,S,C,H. This theory is a first-order theory in the language of rings together with two unary predicate x > 0 and x ≥ 0. We write x ≤ y for y − x ≥ 0 and x < y for y − x > 0. We recall that a positive formula is a formula built from the grammar
where A ranges over atomic formulae, and a coherent formula is an implication between positive formulae. Since φ and → φ are equivalent, any positive formula can be considered to be also a coherent formula. A coherent theory is a set of coherent formulae.
1 There are subtle differences. For instance the formula ∀p q.∃x.x 3 + px + q = 0 holds for reals in Bishop framework, but is not valid for Dedekind reals in topos theory [7] . This is essentially because the proof uses the axiom of dependent choice.
The first part D consists in the axioms of commutative rings together with the direct axioms [3] of proto-ordered rings.
The second part S consists in the simplification axioms, or axioms of quasi-ordered rings [3]
The third part C consists in the coherent axioms
Following [4] we add the following coherent axiom of separable closure, where p denotes a monic polynomial
where δ 0 (p) is a positive formula which is equivalent modulo the theory of real closed field to the formula
We cannot add the stronger form of this axiom that any monic polynomial whose sign changes between a and b has a root in (a, b) for a < b, since this axiom is not valid for Dedekind reals in topos theory [7] . This stronger form is coherent however, since it can be formulated as
We call C the version of C with this stronger form.
The second axiom of part C is equivalent to the formula
Indeed, this formula clearly implies xy > 0 → x > 0 ∨ y < 0. Conversely, assume xy > 0 → x > 0 ∨ y < 0. If we have xy > 0 then x > 0 ∨ 0 > y and y > 0 ∨ 0 > x. We have also ¬(x > 0 ∧ 0 > x) since ¬(x ≥ 0 ∧ x < 0) and x > 0 → x ≥ 0, and similarly ¬(y > 0 ∧ 0 > y). So we get (x > 0 ∧ y > 0) ∨ (x < 0 ∧ y < 0). From T 1 we have x > 0 ∧ y > 0 → xy > 0 and since 0 > x ↔ −x > 0 and (−x)(−y) = xy we also have x < 0 ∧ y < 0 → xy > 0. The last part H, consists in the axiom of Heyting ordered field 
A non provable statement
One can use Lemma 1.1 to prove that some statements are not derivable in the theory D,S,C,H, simply because they do not hold intuitionistically for Dedekind reals. Here is a simple example.
is not provable in the theory D,S,C,H.
Proof. Using Lemma 1.1, it is enough to show that this formula cannot hold for R. We show that it implies the Limited Principle of Omniscience [7] : if it holds then we can decide x = 0 or x = 0. Indeed, if it holds there exists z such that x(1 − xz) = 0. We can then find N > 0 such that |z| ≤ N . We have also |x| < 1/2N or |x| > 1/4N . If |x| < 1/2N holds we have |xz| ≤ 1/2 and so |1 − xz| ≥ 1/2 and x(1 − xz) = 0 implies x = 0. On the other hand, if |x| > 1/4N we have x = 0.
The main goal of this note is to show that in the theory D,S,C,H we cannot deduce using only intuitionistic logic the following formula which specifies the maximum function
Notice that that this formula is valid intuitionistically for R, since we can define the function max : R → R → R. Hence we cannot use Lemma 1.1 and soundness of derivations in first-order logic like for Proposition 2.1.
Notice also that the situation is much different from the classical case. If we add classical logic, the formula ( * ) becomes provable. Actually, this formula is a simple intuitionistic consequence of ∀x.x > 0∨x ≤ 0. More generally, if we add classical logic, we get a complete first-order axiomatisation of the reals. Indeed, it is shown in [4] that any model of S, D, C satisfies that, if p is a separable monic polynomial of odd degree then p has a root. Hence with classical logic, any model of D,S,C is a real closed field. In the first alternative we can find z < m such that x < z ∧ y < z and this contradicts z < x ∨ z < y. Conversely, assume m ≤ x, m ≤ y and (m − x)(m − y) = 0. We show
for an arbitrary z. Assume z < x. We have then z < x ∧ x ≤ m and so z < m. Similarly z < y implies z < m. Conversely, assume z < m. We have then z < x ∨ x < m and z < y ∨ y < m. Also, x < m ∧ y < m implies (m − x)(m − y) > 0, which contradicts (m − x)(m − y) = 0. So we have z < x ∨ z < y.
The theory D,S,C is a coherent theory. We can thus consider a forcing relation associated to this theory [2] . The forcing conditions X are determined by a finite number of parameters x 1 , . . . , x p and a finite number of conditions C = f 1 > 0, . . . , f n > 0, g 1 ≥ 0, . . . , g m ≥ 0 with f i , g j ∈ Z[x 1 , . . . , x p ]. We write X φ if φ is forced at the condition C. The main result of [2] is the following. Proposition 2.3 If φ 1 , . . . , φ n φ and X φ 1 , . . . , X φ n then X φ This implies that φ holds whenever φ for any formula φ. An important result is also that if φ is coherent, we have X φ iff X φ in the theory D,S,C [2] .
The following Lemma is proved in [3] for the stronger coherent theory D,S,C'.
